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We present a systematic study of the B meson light-cone distribution amplitudes which 
are relevant for the QCD factorization approach for the exclusive B meson decays. We 
construct representations for the quark-antiquark distribution amplitudes in terms of 
independent dynamical degrees of freedom, which exactly satisfy the QCD equations of 
motion and constraints from heavy-quark symmetry. 


Recently systematic methods based on the QCD factorization have been developed 
for the exclusive B meson decays into light mesonsBBtm (for other approaches seed). 
Essential ingredients in this approach are the light-cone distribution amplitudes for 
the participating mesons, which constitute nonperturbative long-distance contribu¬ 
tion to the factorized amplitudes. For the light mesons ( 7 r, A', p, K *, etc.) appearing 
in the final state, systematic model-independent study of the light-cone distribu¬ 
tions exists for both leading and higher twists.! On the other hand, the light-cone 
distribution amplitudes for the B meson are not well-known at present and provide 
a major source of uncertainty in the calculations of the decay rates. In this work.Lj 
we demonstrate that heavy-quark symmetry and constraints from the equations of 
motion determine a unique analytic solution for the B meson light-cone distribution 
amplitudes within the two-particle Fock states. We also derive the exact integral 
representations for the effects of higher Fock states with additional gluons. 

In the heavy-quark limit, the B meson matrix elements obey the hnavy-quark 
symmetry, and is described by the heavy-quark effective theory (HQET).B Following 


*Talk presented by K. Tanaka, 
t JSPS Research Fellow. 
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RefsEra, we introduce the quark-antiquark light-cone distribution amplitudes <f>±(t) 
of the B meson in terms of matrix element in the HQET: 


(0|g(z)r7i„(0)|.B(p)) = 


7 5 r^ MO- 


(i) 


is a light-like vector (z 2 = 0), v 2 = 1, t = v ■ z, and p^ = Mv M is the 4= 


where z 

momentum of the B meson with mass M. h v (x) denotes the effective 6-quark field Jj 
b(x) « exp (—irribV ■ x)h v (x), and is subject to the on-shell constraint, ijh v = h v . 
F is a generic Dirac matrix and, here and in the following, the path-ordered gauge 
factors are implied in between the constituent fields. f B is the decay constant defined 
as usually as {0\q(0)'y ll ^5h v (0)\B (p)) = if B MvJ* so that 4>±(t = 0) = 1. </>+ is of 
leading-twist, whereas </>_ has subleading twist El 

It is well-known that the QCD equations of motion impose a set of relations 
between distribution amplitudes for the light-mesons. I The corresponding relations 
can be derived from the identities between the nonlocal operators: 

-^q(x)Y^h v (Q) = i J duu q{x)gG llv {ux)x Vn i IJ, Th v {G) , (2) 


dx^ 


q(x)Th v (0) = i / du(ii— 1) q(x)gG fJ ,v(ux)v IJ 'x l 'rh v (0) 


d -I 
7T~ q ( x 
oyn 


■y)Th v (y) 


(3) 


y *o 


where G^ is the gluon field strength tensor, and we have used the equations of 
motion pq = 0 and v ■ Dh v = 0 with D M — igA M the covariant derivative. 

We take the vacuum-to-meson matrix element of these identities and go over to the 
light-cone limit The terms in the LHS of eqs. (||) and (|) yield <j>+(t), 


o, where, via 
2 


defined above and their derivatives: d(j>±(t)/dt and d<j>±(t, x 2 )/dx 2 \ x < 

4>±(t) —► 4>±{t,x 2 ), we extend the definitions in eq.(Q) to the case z —> x (x 2 ^ 0). 

the derivative over total translation, yields contribution with 

iv ■ d(0\qTh v \B(p )) 


The last term of I 


A = M — mb = 


(4) 


(0\qTh v \B(p)) 

This is the usual “effective mass” of meson states in the HQET.i 

The terms given by an integral of quark-antiquark-gluon operator are expressed 
by the three-particle distribution amplitudes corresponding to the higher-Fock com¬ 
ponents of the meson wave function. Through the Lorentz decomposition of the 
three-particle light-cone matrix element, we define the three functions T y (t, u ), 
'Ey! (t. u), Xa (t ■ u) as the independent three-particle distributions:!] 

(0|?(-) gG^(uz) z v T h v (0)\B(p)) 


= -f B MTr 


75 r j(iv - V v (t,u)) 


-i o’/m'Z 1 ' T v (t,u)+ X A (t, u) 


(5) 
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From the two identities (|2|) and (|j), we eventually obtain the four independent 
differential equations for the distribution amplitudes^ which are exact in QCD 
in the heavy-quark limit. This system of four differential equations can be orga¬ 
nized into the two sets, so that the first set of two equations does not involve the 
derivatives with respect to the transverse separation, d(f>±(t, x 2 )/dx 2 \ x 2 ^ 0l while 
the second set of two equations involves them; the second set is uninteresting for 
our purpose. The first set of equations is given byEI 

+ ^ ( u ) = j( w ), ( 6 ) 

CLUJ 

(uj — 2A) </>+(uj) + u><j>-(uj) = J(u>) , (7) 


where we have introduced the momentum-space distribution amplitudes 4>±(uj) as 
<t>±(t) = J dui e~ lut 4>±{u>) with ujv + the light-cone projection of the light-antiquark 
momentum in the B meson. I(u>) and J(Al) of eqs. (pi) and (0) denote the “source” 
terms due to three-particle amplitudes asQ 

( 8 ) 

and similarly for J(uj). Here the three-particle amplitudes in the momentum space 
are defined as F(t,u) = / dud^ e~ l( - u+ ^ t F(uj,^) with F = {ffV, X A }. 

A system of equations (1,(0) can be solved for <j> + (uj) and </>_ (uj) with boundary 
conditions <j>±(u>) = 0 for u> < 0 or uj — > oo, and with normalization condition 
/ 0 °° du)<j)±(uj ) = <^±(0) = 1. The solution can be decomposed into two pieces as 

<t>± M = />± W) M + <t>± (uj) , (9) 


where W \uj) are the solution of eqs. (^) and ([?]) with I(to) = J(uj) = 0, which 
corresponds to 'i’y = ^A = X A = 0 (“Wandzura-Wilczek approximation”). <j>±\uj) 
denote the pieces induced by the source terms. 

Eq.(p) alone, with Uuj) = 0, is equivalent to a usual Wandzura-Wilczek type 
relation derived in Ref.i: = JJ° dp (j)^ VW \p)/p. Combining eqs.(pj) and 

(?|), we are able to obtain the analytic solution explicitly as (uj > 0) 

^ WW, M = ^D( 2A-*>, = (10) 

The solution for <j>± can be obtained straightforwardly, and reads (uj > 0): 


(t>+\u>) = 7^®(u) , 
$(w) = 6>(2A -u) 


a(9)c.O - ^ 


</jJ’(uj) = 


2A 


( 11 ) 


dp 


K(p) J( 0) ] 

2A - p 2A J 


— 8(u> — 2A) / dp 


K( P ) 

2A - p 


dp 


K(p) , J(p) 


( 12 ) 


p p* 

with K(p) = I(p) + [l/(2A) — d/dp] J(p). The solution (||) with eqs.([Tc|)-(|T2l) is 
exact and presents our principal result. 
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It is also straightforward to derive the Mellin moments (w n )± = f dto uj n (f>±(uj) 
(n = 0,1, 2, • • ■) of our solution. Because the analytic expression for general moment 
n is somewhat complicatedJ3 we present some examples for a few low moments: 
(co) + = 4A/3, (to)- = 2A/3, and 

(w 2 )+ = 2A 2 + -Af; + -X% , (w 2 )- = gA 2 + -X% , (13) 

where A e and Xh are due to (jf± , and are related to the chromoelectric and chromo- 
magnetic fields in the B meson rest frame as (0| qgE ■ a r y 5 h v \B(p = 0)) = fsMX 2 E , 
(0| qgH ■ (T 75 h v \B(p = 0)) = ifsM\ 2 H . These results for n = 1,2 coincide with 
the relations obtained by Grozin and Neubert,u who have derived their relations by 
analyzing matrix elements of local operators corresponding to these moments. Our 
solution !) from nonlocal operators gives generalization of theirs to n > 3. 

Our results reveal that the leading-twist distribution amplitude </> + as well as the 
higher-twist <j>- contains theidhree-particle contributions, which is in contrast with 
the case of the lighT mesons J j We note that there exists an estimate of A^ and A h 
by QCD sum rules,u but any estimate of the higher moments is not known. Further 
investigations are required to clarify the effects of multi-particle states. In this 
connection, we note that the shape of our Wandzura-Wilczek contributions 
which are determined uniquely in analytic form in terms of A, is rather different 
from various “model” distribution amplitudes that have been used in the existing 
literature (see Ref.0 and references therein). 

To conclude, our solution provides the powerful framework for building up the B 
meson light-cone distribution amplitudes and their phenomenological applications, 
because the solution is exact and satisfies all relevant QCD constraints. 

We thank the organizers and all others who helped make the symposium success¬ 
ful. We thank T. Onogi for fruitful discussions. The work of J.K. was supported in 
part by the Monbu-kagaku-sho Grant-in-Aid for Scientific Research No.C-13640289. 
The work of C-F.Q. was supported by the Grant-in-Aid of JSPS committee. 
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